Abstract. We construct spectral sequences which provide a way to compute the cohomology theory that classifies extensions of graded connected Hopf algebras over a commutative ring as described by William M. Singer. Specifically, for (A, B) an abelian matched pair of graded connected R-Hopf algebras, we construct a pair of spectral sequences relating H * (B, A) to Ext * , * B (R, Cotor * , * A (R, R)). To illustrate these spectral sequences, we examine the special case of B a monogenic graded connected Hopf algebra and also analyze an extension of Hopf algebras given by James P. Lin.
Introduction.
The category of graded connected R-Hopf algebras has some striking similarities to the category of groups. For instance, there is a version of the Hochschild-Serre spectral sequence for computing the cohomology, Ext * , * H (R, R), of an extension of Hopf algebras A → H → B in terms of the cohomology of A and B [1, XVI.6]. In the case R = F p , there is also a Steenrod algebra action, of sorts, on the cohomology of such Hopf algebras which behaves well with respect to this spectral sequence [9, §11] . There is even a classification theory for extensions of Hopf algebras, but unlike the group case, the classification is not in terms of the usual cohomology.
In 1962 V.K.A.M. Gugenheim described a theory of central extensions of graded connected R-Hopf algebras in analogy with the usual extension theory of groups [4] , and this was generalized to arbitrary extensions of graded connected R-Hopf algebras by William M. Singer in 1972 [16] . An analogous theory of extensions of ungraded Hopf algebras was given by M. Feth in 1982 [3] (in German) or [6] (containing an English summary), and a theory of extensions of Hopf monoids in a symmetric monoidal category, which generalizes both Singer and Feth's work, was given by Pachuashvili in 1985 [14] (in Russian) and [15] (in English).
These extension theories all enjoy a very strong self duality, which makes them beautiful, but difficult to calculate. In fact, the author's work in 1995 [5] is the only computation of which we are aware, and illustrates the difficulties of working in even the simplest cases. In this paper we describe spectral sequences which provide a means of computing the cohomology groups H * (B, A) described by Singer [16] in terms of the ordinary cohomology of B (as an algebra) and the homology of A (as a coalgebra). This extends the work in [5] and can be found in §1. The main results are theorem 1.1, which constructs a spectral sequence converging to H * (B, A), and theorem 1.2, which provides a means of computing the E 1 term of this spectral sequence in terms of more familiar objects : Section one closes with a discussion of a multiplicative R-action on H * (B, A) when (A, B) is a trivial abelian matched pair, which is compatible with the spectral sequences of theorems 1.1 and 1.2.
In §2 and §3, we attempt to convince the reader that these spectral sequences can actually be used for computation. In these sections we calculate H * (B, A) when B is monogenic and show that most of the computational results in [5] can be obtained in this way. As usual, most of the work lies in the computation of the differentials.
In §4 we examine an extension of Hopf algebras related to the cohomology of finite H-spaces which was described by James P. Lin [8] . We use the spectral sequences of §1 to show that Lin's extension is trivial. The paper concludes in §5 with a brief discussion of how similar spectral sequences might be constructed for the cohomology theory given by M. Feth. §0 Background.
Notation.
Unless otherwise stated, all Hopf algebras will be connected R-Hopf algebras in the sense of Milnor and Moore [12] . In particular they are graded, associative, and coassociative. The structure maps for a R-Hopf algebra A are denoted : the product µ A : A ⊗ A → A ; the coproduct ψ A : A → A ⊗ A ; the unit η A : R → A ; and the counit A : A → R. When we need to refer to the coproduct on individual elements we will write ψ A (a) = a (1) ⊗ a (2) .
The augmentation ideal IA is the kernel of A , or alternatively the elements of positive degree in A, and the reduced coproduct is the coproduct restricted to IA :ψ :
For M and N graded R-modules, hom R (M, N ) will denote the set of degree preserving R-module morphisms from M to N . This is an abelian group under (f + g)(m) = f (m) + g(m), 0(m) = 0, and (−f )(m) = −f (m). It is also an R-module with (r * f )(m) = r · f (m) = f (r · m).
For M and N graded connected R-modules, hom conn (M, N ) will denote the set of degree preserving Rmodule morphisms f such that f • η M = η N . This is an abelian group under (f + g)(m) = f (m) + g(m) if |m| > 0 and (f + g)(1) = 1, 0(m) = 0 if |m| > 0 and 0(1) = 1, and (−f )(m) = −f (m) if |m| > 0 and (−f )(1) = 1.
We will use hom(B, A) to denote the set hom conn (B, A) when B and A are R-Hopf algebras. This set is a group under the convolution product :
The unit is η A • B and is appropriately denoted 0, or the trivial morphism, since it takes the augmentation ideal to zero. Note however, that 0(1)=1. When B is cocommutative and A is commutative this group is abelian, but, except for using 0 to denote the unit, we will write convolution products multiplicatively to avoid confusion with the sum (f + g)(b) = f (b) + g(b).
We will use permutation notation for the maps which permute (with appropriate sign) the factors in a tensor product. For example, (1, 3, 2, 4) denotes the map from
Finally, i will denote inclusion, for example
Singer's Theory of Extensions of Connected Hopf Algebras.
In the classical theory of extensions of groups by abelian groups, one shows that each extension A → E → G determines an action σ of G on A by conjugation and a twisting function τ : G × G → A which encode the information about products in E. In particular, the extension is equivalent to A → A × G → G if A × G has the twisted product determined by σ and τ . Next one shows that an arbitrary σ and τ determine an extension of G by A only if σ makes A a G-module and τ satisfies a unit condition and an associativity condition.
The connection to cohomology is made by way of the normalized bar resolution Bar(G, G) : for a fixed G-module A, the (normalized) 2-cocycles in hom G (Bar(G, G), A) are the twisting functions which satisfy the unit and associativity conditions, and so determine extensions of G by A. Furthermore, the action associated to any such extension is the same as the action given by the G-module structure of A. Twisting functions determine equivalent extensions if and only if they differ by a 2-coboundary, and so H 2 (G, A) classifies extensions of G by A with the given G-module structure, up to equivalence.
Singer [16] carries out this same program for connected R-Hopf algebras and obtains a cohomology theory which classifies extensions of connected Hopf algebras. The theory is self dual : there is a coaction as well as an action; a cotwisting function determining a twisted coproduct as well as a twisting function; and the cobar resolution as well as the bar resolution. The basic object in his theory is an abelian matched pair :
is an abelian matched pair of graded connected R-Hopf algebras if and only if
(1) A is a commutative connected R-Hopf algebra (2) B is a cocommutative connected R-Hopf algebra
In other words, (A, σ A ) is a left B-module and the action respects the algebra structure of A. A ⊗ A is considered a B-module under the diagonal action :
and R is a trivial B-module
and the coaction respects the coalgebra structure of B. B ⊗ B is considered an A-comodule under the diagonal coaction :
and R is a trivial A-comodule (ρ R = i 1 : R → R ⊗ A). (5) σ A is compatible with the coalgebra structure of A when A ⊗ A is given the twisted action :
If ρ B is trivial,σ A⊗A is the diagonal action σ A⊗A , so we think ofσ A⊗A as the diagonal action twisted by the coaction ρ B . (6) ρ B is compatible with the algebra structure of B when B ⊗ B is given the twisted coaction :
If σ A is trivial, ρ B⊗B is the diagonal coaction ρ B⊗B , so we think of ρ B⊗B as the diagonal coaction twisted by the action σ A . Singer shows that each Hopf algebra extension of a cocommutative connected R-Hopf algebra B by a commutative connected R-Hopf algebra A determines an action of B on A (by the Hopf algebra analogue of conjugation) and a coaction of A on B ( by "co-conjugation") which make (A, B) an abelian matched pair [16, §2] . He also defines normalized cochains (see [16, p.12] ), and uses these to show that H 3 (B, A) classifies extensions of B by A. §1 Construction of the Spectral Sequences. The construction of the main spectral sequence in this section is given in terms of explicit descriptions of the standard simplicial and cosimplicial resolutions used to define Singer's cohomology groups. We realize that this is not in the spirit of modern homological algebra, but feel that the advantage gained in avoiding explicit descriptions is offset by the disadvantage of having to define the many categories and functors involved and remind the reader of some of the more esoteric facets of doing homological algebra in nonabelian categories. Furthermore, since our goal is to compute Singer's cohomology groups, it is actually advantageous to have descriptions in terms of the standard constructions.
is an abelian matched pair of graded connected R-Hopf algebras, then there is a spectral sequence of abelian groups with This spectral sequence is natural in the sense that a morphism of abelian matched pairs (f, g) :
Proof. Singer's cohomology H * (B, A) is the cohomology of the bi-complex of abelian groups given by :
The actionσ A ⊗s and the coaction ρ B ⊗t are generalizations of the twisted action and coactions given in definition 0.1, but their exact description will not be needed. Suffice it to say that they are defined inductively using [16,(3.3) and (3.3) * ]. Consider the filtration on X s,t given by
Clearly this is an increasing filtration which is bounded below since F 1 X s,t = X s,t , and is convergent since the intersection of all F n is the trivial map. It is a filtration of abelian groups since the convolution product of two maps which are trivial in degrees below n is trivial in degrees below n, and similarly, the inverse of a map which is trivial in degrees below n is also trivial in degrees below n.
Next, note that ρ B ⊗s , and d h i for i ≥ 1 all preserve degree and that (1 ⊗ f ) and (f ⊗ 1) are trivial in degrees below n if f is trivial in these degrees. This means that each term in the products for d v f and d h f is trivial in degrees below n, and hence so are d v f and d h f . Thus we have
and so the filtration on X * , * induces a filtration on Tot X which makes Tot X a filtered differential graded abelian group.
To compute the E 1 -term of the associated spectral sequence [10,theorem 2.7] , first consider the following map :
where Θ[f ] is f restricted to degree n. Θ is clearly a bijection of sets, and is a group isomorphism since the convolution product of functions which are trivial below degree n is addition in degree n. Next we consider how the differentials
and
and so Θ is an isomorphism of bicomplexes of abelian groups :
When we pass to Tot X, Θ induces an isomorphism of differential graded abelian groups :
Note that E p,q 1 is trivial if p ≤ 0 or if p + q ≤ 1. Furthermore, if A or B is bounded above, then for a fixed p + q, E p,q 1 is trivial for p 0 and so the spectral sequence is strongly convergent. Note also that we have reindexed by setting p = s and q = t − s. This is for convenience : s is the filtration degree and t is the total degree, and is similar to what is done when the E 2 term of the Adams spectral sequence is displayed (see, for example, the last paragraph on page 349 of [10] ). d r raises s by r and raises t by 1.
Finally, this construction is natural : a morphism of abelian matched pairs induces the map of bicomplexes
. The reader can easily check that this map is compatible with the filtration and the map Θ.
Note that the filtration used to construct this spectral sequence is such that the coalgebra structure of B, the algebra structure of A, the action of B on A and the coaction of A on B are all lost in the associated graded. Thus the only information contained in E 1 is the algebra structure of B and the coalgebra structure of A. This is necessary in order to change the convolution products into ordinary addition, and the lost information is contained in the differentials d r .
The E 1 term in the spectral sequence of theorem 1.1 can be described as a derived functor of an appropriate hom functor, but for our purposes it suffices to know that there are spectral sequences which allow it to be computed in terms of more familiar partial derived functors :
is an abelian matched pair of graded connected R-Hopf algebras and r is an integer, then there is a first quadrant spectral sequence with There is, of course, another spectral sequence with rĒ2 = H II H I ( rĒ0 ) which also converges to E 1 . In this case we should write 
The process for calculating the differentials is thus as follows. An element in ⊕ Note that the previous discussion of the differentials still holds, where an element u =
R-actions.
In [5, §5] the author describes two R-actions ( * A and * B , [5,definition 5.3]) on H * (B, A) when (A, B) is a trivial abelian matched pair, which behave well in regard to the calculations done there. These actions are multiplicative in the sense that 0 * u = 0, 1 * u = u and (rs) * u = r * (s * u), but are not necessarily additive ((r + s) * u may not equal r * u + s * u). Here we describe a third action, constructed in a similar manner, which makes the spectral sequences of theorems 1.1 and 1.2 spectral sequences of abelian groups with multiplicative R-action. (1) Λ C (0) = 0, the trivial endomorphism, (2) Λ C (1) = id C , and
Definition 1.5. Let (A, B) be a trivial abelian matched pair. For u ∈ H * (B, A) and r ∈ R, define r * u to be H * (Λ B (r), id A )u, or equivalently H * (id B , Λ A (r))u. This action is multiplicative, but not necessarily additive.
Proof. It is straightforward to check that (Λ B (r), id A ) and (id B , Λ A (r)) are morphisms of abelian matched pairs when applied to trivial abelian matched pairs. This may not be true in the nontrivial case, although they will always take one abelian matched pair to another with a possibly different action or coaction.
To complete the proof we need to show that the two definitions agree. If u is represented by f ∈ hom conn (B ⊗s ,
Unfortunately, the usual R-action on hom R (Bar ·,s (B), Cobar ·,t (A)) doesn't agree with the action induced on the spectral sequence of theorem 1.1 by the R-action given in definition 1.5. However, the actual action is a modification of the usual action, and is best described by the following notation : Definition 1.6. If M is an abelian group with multiplicative R-action and n is a nonnegative integer, then n * M will denote the abelian group M with the multiplicative R-action r * m = r n · m.
With these definitions, we can now describe the spectral sequences of theorems 1.1 and 1.2 as spectral sequences of abelian groups with multiplicative R-actions :
is a trivial abelian matched pair of graded connected R-Hopf algebras, then the spectral sequence of theorem 1.1 is a spectral sequence of abelian groups with multiplicative R-action such that E s,t−s 1
Proof. This is a direct consequence of the naturality of the spectral sequence of theorem 1.1 since
is multiplication by r s . This spectral sequence converges to the E 1 term of the spectral sequence of theorem 1.1 :
Proof. In the notation of the proof of theorem 1. . §2 Example -B a Monogenic Tensor Algebra. Let B = T (x), the tensor algebra generated by the free R-module on a single generator x in degree |x|. We assume that |x| is positive, so that B is a connected R-Hopf algebra (not necessarily graded commutative). We give an alternate proof of the following result. Proof. We first use the spectral sequence of theorem 1.2 to compute the E 1 term of the spectral sequence of theorem 1.1. To this end we must compute Ext B (R, M ) for M a trivial graded B-module.
Claim. If M is a trivial graded B-module, then
Proof of claim. This follows directly from the existence of the following resolution of R as a B-module :
where (x l ) = 0 if l > 0 and (1) = 1. The suspension is necessary so that the differentials have degree zero.
Claim. The spectral sequence of theorem 1.2 collapses to give This establishes the claim.
The theorem now follows since the spectral sequence of theorem 1.1 is concentrated in a single column :
The following refinement is left as an exercise for the reader : as abelian groups with multiplicative R-action. §3 Example -B a Truncated Monogenic Tensor Algebra. Let B = T (x)/(x n ) be a graded connected R-Hopf algebra, where T (x) is the tensor algebra generated by the free R-module on a single generator x in degree |x|. If R is a ring of characteristic 0, then n = 2 and |x| is odd, otherwise |x| is positive, R is a ring of prime characteristic p, n is a power of p if |x| is even or if p = 2, and n is twice a power of p if |x| is odd and p > 2 [5,theorem 1.2]. converging to H * (B, A).
Proof. We use the spectral sequence from theorem 1.2 to compute the E 1 term of the spectral sequence of theorem 1.1. A reindexing of the latter establishes the theorem. We begin by calculating Ext B (R, M ) :
Claim. If M is a trivial B-module and s ≥ 0, then
Proof of claim. This computation is essentially that of [11,lemma 2.5] , and some care is necessary to keep track of the degrees involved. Consider the free resolution of R by B-modules W · − → R → 0 given by :
is multiplication by x for s ≥ 0, and
The suspensions are necessary so that the differentials have degree zero. When M is a trivial B-module, the differentials in hom(W · , M) are trivial, and the result follows.
Claim. The possible nonzero E 1 terms for the spectral sequence of theorem 1.1 are given by
for s ≥ 1, and
Proof of claim. Fix an r > 0 and consider the E 2 term of the spectral sequence of theorem 1.2. (R, R) and
The claim follows.
The next step is to identify the possible nonzero differentials and reindex the spectral sequence to eliminate some of the zero terms and differentials. Because of the form of the indices in the potentially nonzero terms, the only possible nonzero differentials are
for r > 0, and
for r ≥ 0.
When n > 2 these three differentials (d (nr−1)|x| , d nr|x| , and d (nr+1)|x| ) are distinct, and to reindex we set 
for r ≥ 0, and
Note that the total degree and relative order of the filtration degree are preserved by this reindexing. A quick check then shows thatẼ When n = 2, we reindex only to eliminate the dependence on |x| while preserving the total degree : 
Thus there are only finitely many terms in the filtration of H t (B, A). If n = 2, the spectral sequence is first quadrant, and this completes the proof of theorem 3.1.
There is a variation of the "five term exact sequence" associated to a spectral sequence which holds for the spectral sequences of theorem 3.1, and we shall calculate the maps involved in order to illustrate how the differentials in the spectral sequence of theorem 1.1 are computed. 
and an exact sequence of abelian groups
, and
2 . Only the kernel of Λ 2 and d will be used, so considering the maps as having a larger codomain will not affect the calculations. An examination of the spectral sequence of theorem 3.1 establishes the result.
If n = 2, set δ =d 1 :Ẽ
we can consider d : ker Λ 2 → coker δ. Again, we use only the kernel of d, so this change in codomain will not change the calculations. As before, an examination of the spectral sequence in theorem 3.1 establishes the result.
In order to compute the differentials used in corollary 3.2, we will need some results from [5] on the properties of the differentials in Singer's bicomplex :
, and (A, B) an abelian matched pair, consider the normalized bicomplex computing H * (B, A). Assume that all maps are normalized morphisms of connected R-modules, i.e. f • i l = 0 for all l, and define δ : A ⊗m → A ⊗m by δ(a) = σ A ⊗m (x, a), where σ A ⊗m is the diagonal action (see definition 0.1).
⊗m is trivial in degrees below n |x|, then d h f is trivial in degrees below 2n |x| if and only if there is a β ∈ (A ⊗m ) n|x| with δβ = 0 and
With these basic facts we can now compute the maps in corollary 3.2 :
where σ A⊗A is the diagonal action (see definition 0.1).
(1) δ : Cotor
Proof. We are calculating, in the spectral sequence of theorem 1.1, This means we need maps from the bar construction on B to N representing elements of Ext (R, N ) ∼ = N . These can be calculated directly from the bar construction :
α if i, j > 0 and i + j = n 0 otherwise, and (**)
and can be found by comparison to the standard generators of Ext * , * B (R, R) :
where f 1 ,f 2 , and f 3 satisfy (*), (**), and (***), respectively. To compute δ, we consider an element [a] for a ∈ A n|x| corresponding to the element [0,
where f 2 : B ⊗ B → A satisfies (**) with α = a. We must now modify (0, f 2 ) in degrees above n |x| to make n−1 a =ψ(b) for some b in A n|x| . Now we must further modify (f 1 , 0) in degrees n |x| and above to get (
trivial in degrees below (n + 1) |x|. The map f 1 can not be modified in degree n |x| and above, and already has
for these i, j. By proposition 3.3.i, it suffices to have f 2 satisfy (**) with α = b. With this choice, propositions 3.3.x and 3.3.i show that
. The class of this element is represented by an element (0, 0, f 3 ) where f 3 satisfies (***), and a simple check shows that
As before, when (A, B) is a trivial abelian matched pair, the results in this section can be modified to reflect the multiplicative R-action : converging strongly to H * (B, A). If n = 2, there is a first quadrant spectral sequence of abelian groups with multiplicative R-action withẼ
converging to H * (B, A). In both cases there is an exact sequence of abelian groups with multiplicative R-action
Proof. Since the action is trivial, δ A and δ A⊗A are trivial, and so δ and d are trivial and Λ 1 and Λ 2 have the form stated.
Comparison to Known Results. [5] indicates how the restriction on the base ring in theorem 3.1 can be removed). I have not been able to show that the differentials agree, although the differentials calculated in theorem 3.4 are very similar to the differentials in the spectral sequence of a bicomplex. §4 An Extension Associated to an H-Space.
As a further application of the theory of §1, consider the following theorem of J. Lin [8,theorem 5.3 .1] as stated by R. Kane [7, §45-4] . Theorem 4.1 (J.Lin). If p is an odd prime and X is a 1-connected mod p finite H-space with H * (X; F p ) associative, then there is an extension of F p -Hopf algebras
where Γ is concentrated in even degrees and |x i | is odd for all i.
Kane observes that H * (X; F p ) ∼ = Γ ⊗ Λ(x 1 , · · · , x n ) as F p -algebras, but not necessarily as F p -coalgebras. This is basically a consequence of the graded commutativity of H * (X; F p ), which implies that any lift y i of x i , has (y i ) 2 = 0. Thus the map sending x i to y i is a splitting as F p -algebras.
As an application of the spectral sequence in theorem 1.1, we show that Lin's extension is trivial as an extension of F p -Hopf algebras. This is not to say that H * (X; F p ) is the tensor product of Γ and Λ(x 1 , · · · , x n ) as Hopf algebras, but rather that it is the "bismash" product Γ Λ(x 1 , · · · , x n ) [17, p.846] . The commutativity of H * (X; F p ) implies that the action of Λ(x 1 , · · · , x n ) on Γ is trivial, and so we recover Kane's result on the algebra structure, but the coaction of Γ on Λ(x 1 , · · · , x n ) will be nontrivial in general. Dually, we can think of H * (X; F p ) as the semi-direct product Λ(x * 1 , · · · , x * n ) Γ * for some action of Γ * on Λ(x * 1 , · · · , x * n ), since the coaction is trivial. Note that it is also possible to prove theorem 4.2 by showing that x i can be lifted to y i in H * (X; F p ) with y i primitive. We have chosen a proof which illustrates the spectral sequences of section one. §5 Extensions of Nongraded Hopf Algebras.
Some of what we have done for Singer's theory of extensions of connected graded R-Hopf algebras carries over to Feth's theory of extensions of nongraded Hopf algebras, at least in certain cases. Some additional hypotheses are needed to ensure the existence of a filtration to replace the filtration by degree that is used in theorem 1.1. For example, when R = k is a field and B is connected [13,definition 5.1.5], the coradical filtration [13, §5.2] can be used. There are some additional problems in these cases, since maps between Hopf algebras don't necessarily preserve the coradical filtration, but preliminary results indicate that the problems are not insurmountable, and we hope to pursue this in a subsequent paper.
